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Abstrat
In this paper, we present a new approah to the disrete version of the Wormlike Chain Model
(WCM) of semiexible polymers. Our solution to the model is based on a new omputational
tehnique alled the Generalized Borel Transform (GBT) whih we use to study the statistial
mehanis of semiexible polymer hains. Speially, we evaluate the harateristi funtion of
the model approximately. Afterward, we ompute the polymer propagator of the model using
the GBT and nd an expression valid for polymers with any number of segments and values of the
semiexibility parameter. This expression aptures the limits of exible and innitely sti polymers
exatly. In between, a smooth and approximate rossover behavior is predited. Another property
of our propagator is that it fullls the ondition of nite extensibility of the polymer hain. We
have also alulated the single hain struture fator. This property is a dereasing funtion of
the wave vetor, k, until a plateau is reahed. Our omputations learly show that the struture
fator dereases faster with inreasing wave vetor when the semiexibility parameter is inreased.
Furthermore, when the wave vetor is large enough, there is a regime where the struture fator
follows an approximate power law of the form k−θ even for short polymer hains. θ is equal to two
for exible polymers and to one for rigid hains. We also ompare our results to the preditions of
other models.
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I. INTRODUCTION
In reent years, experimental studies of biologial maromoleules have motivated intense
researh in the eld of statistial mehanis of single semiexible polymer hains. Indeed,
studies like fore-elongation measurements of dierent biologial (DNA, titin, tenasin) and
syntheti (polyethylene glyol, polyvinyl alohol) polymers using Atomi Fore Mirosopes,
Optial Tweezers and other reently developed tools are abundant[1℄. The measured fore-
elongation urve is generally tted to the predition of the Wormlike Chain Model (WCM) of
semiexible hains[2℄, originally proposed by Kratky and Porod[3℄. From this t, parameters
like the persistene length of the biopolymer are extrated. Another kind of experiments has
targeted the mehanial properties of eukaryoti ells[4℄. These properties are determined
by an assembly of protein bers alled the ytoskeleton. This three dimensional assembly is
made of the ytoskeletal polymers (mirotubules, atin laments, et.). All these polymers
are semiexible polymers at the relevant length sales (a few mirons at most). Thus, the
preditions of the WCM are very relevant for the understanding of the physial behavior of
ytoskeletal polymers.
The WCM was originally proposed by Kratky and Porod in 1949[3℄ and reformulated
using eld theoreti methods by Saito et al.[5℄ in 1967. In this model, the polymer hain
displays resistane to bending deformations. This resistane is modeled using a free energy
that penalizes bending the polymer bakbone. The free energy depends on parameters (elas-
ti onstants) that are a onsequene of many short-range monomer-monomer interations.
Expliitly, the free energy is
κ
2
∫ L
0
ds
(
d2R (s)
ds2
)2
, (1)
where R (s) is the vetorial eld that represents the polymer hain, s is the ar of length
parameter, L is the ontour length of the polymer and κ is the bending modulus. In addition,
the loal inextensibility onstraint |dR (s) /ds| = 1 must be satised. As a onsequene of
the bending rigidity , a wormlike hain is haraterized by a persistene length (proportional
to the bending modulus) suh that, if the length sale is shorter than the persistene length,
then the hain behaves like a rod while, if the length sale is larger than the persistene
length, then the hain is governed by the ongurational entropy that favors the random-
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walk onformations.
The loal inextensibility onstraint has not allowed researhers to nd an exat solution
to the WCM. Indeed, the onstraint |dR (s) /ds| = 1 is written using a Dira delta distri-
bution in innite dimensions. Depending on how the onstraint is written, |dR (s) /ds| = 1
or (dR (s) /ds)2 = 1, we get an Edwards Hamiltonian that is non-analyti or non-linear,
respetively. Consequently, there is no exat solution of this model at present. However, a
few properties like the rst few moments of the distribution of the end-to-end distane[5, 6℄
are known exatly.
The aforementioned omplexity of the WCM has motivated many approximate treat-
ments of semiexible polymers. For example, Fixman and Kova[7℄ developed a modied
Gaussian model for sti polymer hains under an external eld (external fore). In this
approah, they omputed an approximate distribution for the bond vetors from whih they
were able to ompute the partition funtion and average end-to-end vetor. An alterna-
tive approah was proposed by Harris and Hearst[8℄ who developed a distribution for the
ontinuous model from whih they were able to ompute the two-point orrelation funtion
and, onsequently, the mean-square end-to-end distane and radius of gyration. Another
statistial property of interest has been the distribution funtion of the end-to-end distane
or its Fourier transform. Many approximations for this funtion have been proposed. For
example, dierent expansions of the distribution in inverse powers of the number of segments
have been developed[9, 10℄. Similarly, perturbations with respet to the rodlike limit have
been derived[11℄. Other approahes to the distribution funtion of the end-to-end distane
of semiexible polymers have led to modied Gaussian funtions[12, 13℄. Finally, many
approximations have been proposed for the struture fator[14, 15℄.
As stated in the previous paragraph, most of the approximate treatments of the distri-
bution funtion of the end-to-end distane have been perturbative in nature. Indeed, these
approximations were perturbation expansions with respet to the exible or rigid hain lim-
its. A dierent approah to semiexible polymers was taken by Kholodenko[16, 17, 18℄. In
this model, the Eulidean version of the Dira propagator is used to predit the onforma-
tional properties of semiexible polymers. In partiular, the single hain struture fator has
been used to desribe experimental data quantitatively[19℄. Reently, Winkler has proposed
another treatment of semiexible polymers[20℄. In this work, an approximate expression for
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the distribution funtion valid for any value of the stiness of the polymer bakbone was
developed using the Maximum Entropy Priniple.
Motivated by the experimental studies done on semiexible polymers and our inomplete
understanding of the properties of the WCM, we have developed a new approah that
aptures many physial properties of the model, like the limits of exible and rigid polymers,
exatly and provides approximate rossover behaviors for all the distribution funtions. To
aomplish this goal, we have employed a omputational tehnique alled the Generalized
Borel Transform (GBT) whih was taken from Quantum Mehanis and Quantum Field
Theories[21, 22, 23℄. This method omputes Mellin/Laplae transforms exatly. We provide
a brief summary of this tehnique in Appendix A.
This paper is organized as follows. In setion II, we evaluate the harateristi fun-
tion of the WCM approximately suh that some physial onstraints are satised exatly.
Furthermore, we evaluate the distribution funtion (polymer propagator) using the GBT
and ompute the single hain struture fator. In Setion III we disuss the results of our
alulations whih are valid for any value of the semiexibility of the polymer. Setion IV
ontains the onlusions of our work and some speulations about appliations to polymer
physis of possible extensions of the GBT. The details of the mathematial alulations are
presented in the appendies.
II. THEORY
A. The Model and Evaluation of the Charateristi Funtion
Consider a polymer hain modeled as a sequene of n bond vetors (R1,R2, ...,Rn) on-
neted in a sequential manner. In addition, let us assume that the length of eah bond
vetor is l (=Kuhn length) and that pairs of onseutive bond vetors try to be parallel to
eah other. This preferential orientation is modeled with a Boltzmann weight given by the
following expression [7, 13, 14, 24℄
exp
(
α
n−1∑
i=1
Ri+1 ·Ri
)
, (2)
4
where α is the strength of the interation in units of thermal energy (= kB T ). Inserting Eq.
(2) into the expression for the propagator of the Random Flight Model[25℄, we obtain the
following expression for the polymer propagator of semiexible hains
P (R, n, α) =
∫
d {Rk}
n∏
j=1
τ (Rj) δ

 n∑
j=1
Rj −R

 exp
(
α
n−1∑
i=1
Ri+1 ·Ri
)
, (3)
where R is the end-to-end vetor and τ (Rj) is given by the formula
τ (R) =
δ (|R| − l)
4pil2
. (4)
The propagator, Eq. (3), is not normalized.
We proeed to express the delta funtion using its Fourier representation[26℄ then, Eq.
(3) beomes
P (R, n, α) =
∫
d3k exp (−iR · k)
(2pi)3 (4pil2)n

∫ d {Rk} n∏
j=1
δ (|Rj| − l)
× exp

i n∑
j=1
Rj · k+α
n−1∑
i=1
Ri+1 ·Ri



,
(5)
whih an be used to dene the harateristi funtion, K (k, α, n, l), as follows
P (R, n, α) ≡
∫ d3k
(2pi)3
exp (−iR · k)K (k, α, n, l). (6)
The mathematial expression of the harateristi funtion is
K (k, α, n, l) ≡ 1
(4pil2)n
∫
d {Rk}
n∏
j=1
δ (|Rj| − l) exp

i n∑
j=1
Rj · k+ α
n−1∑
i=1
Ri+1 ·Ri

. (7)
Note that sine the polymer propagator, Eq. (3), is not normalized then the harateristi
funtion, Eq. (7), does not approah one when the wave vetor goes to zero. Instead,
it approahes the anonial partition funtion of the model. Furthermore, note that the
harateristi funtion is a Fourier Transform in a 3n-dimensional spae.
As stated before by Yamakawa[6℄, the exat evaluation of the harateristi funtion (or
the polymer propagator) for semiexible hains is not possible at present. Therefore, we have
developed a new approximation to evaluate this funtion. This new mathematial approah
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was developed in suh a way that the most relevant physis of the problem is not altered by
the approximation. Speially, the proposed approah keeps the thermodynamis (partition
funtion) of the model exat. Moreover, all the properties of fully exible hains (α→ 0) and
innitely sti hains (α→∞) are preserved exatly. Consequently, this approah aptures
both asymptoti limits exatly and provides an approximate desription of the rossover
behavior. In addition, our treatment of the problem uses the exat expression of the mean-
square end-to-end distane. Consequently, this quantity and the mean-square radius of
gyration are exat. Another important property of our approah is that it keeps the loal
inextensibility onstraint intat. Therefore, our hains have nite extensibility and this
model an be used to ompute the fore-elongation relationship of semiexible polymers.
We desribe our approximation hereafter.
Let us start by omputing the following lass of integrals
Gj =
∫
dRjδ (|Rj| − l) exp (iRj · k+ αRj+1 ·Rj), (8)
whih are present in the harateristi funtion. The wave vetor k is onstant and an be
hosen in the diretion of the versor zˆ. Writing all the vetors in spherial oordinates we
an express Gj as follows
Gj =
∫
d (|Rj |) |Rj |2 δ (|Rj | − l)
∫ pi
0
dθj sin (θj) exp {i |Rj| · |k| cos (θj)}
× exp {α |Rj| · |Rj+1| cos (θj+1) cos (θj)}
∫ 2pi
0
dϕj exp (γ cos (ϕj) + β sin (ϕj)) ,
(9)
where γ and β are dened as follows
γ ≡ α |Rj| |Rj+1| sin (θj) cos (ϕj+1) sin (θj+1) ,
β ≡ α |Rj | |Rj+1| sin (θj) sin (ϕj+1) sin (θj+1) .
(10)
The ϕj-integrals an be done exatly. The result is
Fj (γ, β) =
∫ 2pi
0
dϕj exp (γ cos (ϕj) + β sin (ϕj)) = 2piI0 (α |Rj| |Rj+1| |sin (θj) sin (θj+1)|),
(11)
where I0 (x) is the Bessel funtion of seond lass[27℄. After we integrate the delta funtion,
the funtion Gj beomes
6
Gj = 2pil
2
∫ pi
0
dθj sin (θj) exp
{[
il · |k|+ αl2 cos (θj+1)
]
cos (θj)
}
I0
(
αl2 |sin (θj) sin (θj+1)|
)
.
(12)
We now replae this expression into Eq. (7) and obtain the harateristi funtion
K (k, α, n, l) = 2−n
∫ pi
0
dθnsin (θn) exp {il · |k| cos (θn)}
∫ pi
0
n−1∏
j=1
dθj sin (θj)
×exp
{[
il · |k|+ αl2 cos (θj+1)
]
cos (θj)
}
I0
(
αl2 |sin (θj) sin (θj+1)|
)
.
(13)
The evaluation of K (k, α, n, l) is done by iterations. First, we take the term j = 1,
redene |k| → k/l and α → α/l2, and remove the fator 2pil2 from the denition of Gj (θ)
in Eq. (12) ; then, we an write
G1 (θ2) =
∫ pi
0
dθ1 sin (θ1) exp {[ik + α cos (θ2)] cos (θ1)} I0 (α |sin (θ1) sin (θ2)|), (14)
whih is exatly doable[28℄. The result is
G1 (θ2) = 2
sinh
√
α2 − k2 + 2ikα cos (θ2)√
α2 − k2 + 2ikα cos (θ2)
. (15)
The next step in the iterative proess is the evaluation of G2 (θ3) given by
G2 (θ3) =
∫ pi
0
dθ2 sin (θ2) exp {[ik + α cos (θ3)] cos (θ2)} I0 (α sin (θ2) sin (θ3))G1 (θ2). (16)
This integral is not exatly doable. Consequently, we proeed to approximate it suh that the
asymptoti limits of exible and sti polymers are aptured exatly. Thus, the expression
that we obtain will give an approximate rossover behavior between the aforementioned
limiting regimes. Note that in the limit of very sti hains, α → ∞, all the segments will
be parallel to eah other. In other words, when α→∞, θ2 ≃ θ3. Then, in this limit we an
say that
G2 (θ3) ≃ [G1 (θ3)]2. (17)
In the other limit, α → 0, G1 (θ2) is independent of θ2. Therefore, Eq. (17) is also valid in
the limit of exible hains. Thus, we onlude that Eq. (17) is a good approximation for
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G2 (θ3) sine it aptures the asymptoti limits exatly and provides an approximate rossover
behavior for G2 (θ3).
The iteration of the aforementioned approximation n − 1 times leads to the following
expression for the harateristi funtion
K (k, α, n) ≃ 1
2n
∫ pi
0
dθn sin (θn) exp {ik cos (θn)} [G1 (θn)]n−1. (18)
Note that this expression gives the exat anonial partition funtion of the model
Zn (α) = K (0, α, n) =
(
sinhα
α
)n−1
. (19)
Thus, this rst part of the approximation preserves both asymptoti behaviors and the
thermodynamis of the problem intat.
Let us now proeed to evaluate the approximate expression of the harateristi funtion,
K (k, α, n). The integral in Eq. (18) is not exatly doable thus, we evaluate it using a
variational proedure. Let us introdue the following anzats
√
α2 − k2 + 2ikα cos (θn) =
√
α2 − k2ν2α,n + ikgα,n cos (θn), (20)
where the parameters gα,n and να,n are determined from the onstraints imposed by the
physis of the problem as desribed below. One of the requirements is that the exible and
rigid limits are aptured exatly by the model. This requires that the parameters must
behave in the following way
gα,n → 0
ν2α,n → 1
α→ 0, gα,n → 1
ν2α,n → 0
α→∞. (21)
Using Eq. (20), we an approximate the harateristi funtion as follows
K (k, α, n) ≃
∫ pi
0
dθn sin (θn) exp {ik cos (θn) [1 + (n− 1) gα,n]}
×

exp {√α2 − k2ν2α,n}− exp

−
√
α2 − k2ν2α,n

1− 2ikgα,n cos (θn)√
α2 − k2ν2α,n





n−1
2n
[√
α2 − k2ν2α,n
]n−1 1 + ikgα,n cos (θn)√
α2 − k2ν2α,n

n−1
(22)
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Note that the term
ikgα,n cos (θn) /
√
α2 − k2ν2α,n, (23)
goes to zero as α−1 in the limit of α→∞ and, when α→ 0, it also approahes zero beause
gα,n → 0. Thus, negleting this term does not alter the preditions of the model for the
exible and sti limits. Consequently, we approximate Eq. (22) as follows
K (k, α, n) ≃
[
sinh
{√
α2 − k2ν2α,n
}]n−1
2
[√
α2 − k2ν2α,n
]n−1
×
∫ pi
0
dθn sin (θn) exp {ik cos (θn) [1 + (n− 1) gα,n]},
(24)
whih is exatly doable. The nal expression for the harateristi funtion is
K (k, α, n) ≃
[
sinh
{√
α2 − k2ν2α,n
}]n−1
[√
α2 − k2ν2α,n
]n−1
k [1 + (n− 1) gα,n]
sin {k [1 + (n− 1) gα,n]} . (25)
We note that the expression of the harateristi funtion given by Eq. (25) reovers the
exat expression of the anonial partition funtion of the model, Eq. (19), in the limit of
k → 0.
Let us now proeed to determine the values of the parameters να,n and gα,n from the
physis of the problem. We rst look at the fore-elongation behavior predited by this
model. This urve is given by the following mathematial expression
L =
∂ {ln [K (iF, α, n)]}
∂F
=
1
K (iF, α, n)
∂ {K (iF, α, n)}
∂F
, (26)
where F is the applied fore and L is the average end-to-end distane of the polymer hain
in the diretion of the fore. The physis of the problem imposes the following onstraint
lim
F →∞
1
K (iF, α, n)
∂ {K (iF, α, n)}
∂F
= n, (27)
whih represents the nite extensibility of the polymer hain. In other words, the polymer
hain annot be strethed more than its total ontour length. This onstraint, as expressed
by Eq. (27), results in the following relationship between the parameters να,n and gα,n
9
gα,n = 1− να,n, (28)
whih is in perfet agreement with the required asymptoti behaviors given by Eq. (21).
Equation (28) gives one of the two equations required to determine the parameters να,n
and gα,n ompletely. The seond equation is obtained from the mean-square end-to-end
distane, 〈R2〉α,n. We require that our approximation reprodue this statistial quantity
exatly. The exat mathematial expression of this average is [13, 29℄,
〈
R2
〉
α,n
=
[
n
1 + L (α)
1− L (α) − 2L (α)
1− L (α)n
(1− L (α))2
]
, (29)
where L (α) is the Langevin funtion [28℄.
In order to derive the seond relationship between να,n and gα,n, we divide the harater-
isti funtion, Eq. (25), by the anonial partition funtion and expand this ratio in powers
of the wave vetor k to seond order. The result is the following
〈
R2
〉
α,n
= − 1
Zn (α)
▽2
k
K (k, α, n)|
k=0 = [1 + (n− 1) gα,n]2 +
3 (n− 1) ν2α,n
α
L (α) , (30)
whih ompletes our approximation. Equations (28), (29) and (30) determine να,n and
gα,n ompletely. Furthermore, the use of the exat expression for 〈R2〉α,n assures that our
approximation predits not only 〈R2〉α,n exatly, but also
〈
R2g
〉
α,n
sine they are related by
the equation[29℄
R2g =
1
(n+ 1)2
n∑
ni=1
(n− ni+ 1)
〈
R2
〉
α,ni
. (31)
The nal expression for να,n is
να,n =
2n (n− 1)−
√
4n2 (n− 1)2 − 4
[
(n− 1)2 + 3(n−1)
α
L (α)
] (
n2 − 〈R2〉α,n
)
2
[
(n− 1)2 + 3(n−1)
α
L (α)
] , (32)
and our approximation is omplete.
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B. Evaluation of the Polymer Propagator using the GBT
Replaing the expression given by Eq. (25) into Eq. (6) we obtain the following approx-
imate expression for the polymer propagator
P (R, n, α) =
∫ ∞
0
dk
sin (kR) sin {k [1 + (n− 1) gα,n]}
[
sinh
{√
α2 − k2ν2α,n
}]n−1
2pi2R [1 + (n− 1) gα,n]
[√
α2 − k2ν2α,n
]n−1 . (33)
In the limit of α→ 0, Eq. (33) beomes
PF lexible (R, n) =
2 (2pi)−2
R
∫ ∞
0
dk
sin (kR) [sin k]n
kn−1
, (34)
whih is the exat expression for the polymer propagator of the Random Flight Model[30℄.
Similarly, in the limit of α → ∞, we an perform the following expansion valid for large
values of α [
sinh
{√
α2 − k2ν2α,n
}]n−1
[√
α2 − k2ν2α,n
]n−1 ≃ expα (n− 1) exp
[
− (n− 1) k2ν2α,n/α
]
[2α]n−1
,
and ompute the polymer propagator. The result is
Prigid (R, n, α) ≃ 2 (2pi)
−2
4Rn
2pi expα (n− 1)
[2α]n−1
δ (R− n) , (35)
whih is the polymer propagator of an innitely sti polymer hain[31℄. This propagator is
not normalized.
We now ombine the approximate expression of the harateristi funtion, Eq. (25),
with the Generalized Borel Transform to ompute the polymer propagator and the single
hain struture fator of the model.
We start the evaluation of the polymer propagator by rewriting Eq. (33) as follows
P (R, n, α) =
J (R− 1− (n− 1) gα,n, n, α)− J (R + 1 + (n− 1) gα,n, n, α)
4pi2R [1 + (n− 1) gα,n]
, (36)
where J (r, n, α) is dened by the mathematial expression
J (r, n, α) ≡
∫ ∞
0
dk

cos [kr]

sinh
(√
α2 − w2ν2α,n
)
√
α2 − k2ν2α,n


n−1 . (37)
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This integral is evaluated exatly using GBT[21, 22, 23℄. A brief summary of the GBT
tehnique an be found in Appendix A.
We present the most important steps of the alulation hereafter and leave all the math-
ematial details for Appendix B. We rst dene an auxiliary funtion G (b, n, α) as follows
G (b, n, α) ≡
∫ ∞
0
dw

exp (−wb)

sinh
(√
α2 − w2ν2α,n
)
√
α2 − w2ν2α,n


n−1 , b ≥ 0 (38)
from whih the funtion J (r, n, α) an be omputed as the analyti ontinuation to the
omplex plane
J (r, n, α) = Re {G (b = −ir, n, α)} . (39)
Consequently, J (r, n, α) an be evaluated from the Laplae Transform given by Eq. (38).
Following the tehnique we an write
G (b, n, α) =
lim
N →∞
(−) N
∫
db · · ·
∫
db︸ ︷︷ ︸
N
Γ (N + 1)
bN+1


sinh
√
α2 −
(
Nνα,n
b
)2
√
α2 −
(
Nνα,n
b
)2


n−1
. (40)
The N integrations are omputed using well-established properties and expansions of the
funtions sin (x) and [1− x2]−µ[28℄. After some straightforward algebra, we an write the
analytial solution of G (b, n, α) for any even number of segments as follows
G (b, n, α) =
n−2
2∑
k=0
(−)k

 n− 1
k

 ∞∑
β=0
α2β
×
3F2
([
1,
1
2
, β + 1
]
,
[
β +
n + 1
2
, β +
n
2
]
,− [(n− 2k − 1) να,n]
2
b2
)
(n− 2k − 1)−n−2β+1 2n−2Γ (2β + n) b ,
(41)
where 3F2 ([, , ] , [, ] , x) and Γ (x) are the Generalized Hypergeometri[32℄ and Gamma[27℄
funtions, respetively .
Replaing Eq.(41) into Eq.(39) and omputing the analyti ontinuation to the omplex
plane through the substitution b = −ir we obtain
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J (r, n, α) =
4
2nr
n−2
2∑
k=0
(−)k+1

 n− 1
k

 ∞∑
β=0
(n− 2k − 1)2β+n−1 α2β
Γ (2β + n)
×Im
{
3F2
([
1,
1
2
, β + 1
]
,
[
β +
n + 1
2
, β +
n
2
]
,
[(n− 2k − 1) να,n]2
r2
)}
.
(42)
The imaginary part of the Generalized Hypergeometri funtion is alulated using its well-
known analytial properties[32℄. This funtion is an analyti funtion for values of the
modulus of the argument z less than one and its ontinuation to the rest of omplex plane
generates a ut on the positive real axis starting at Re (z) = 1. This implies that only values
of the argument,
[(n−2k−1)να,n]
2
r2
, larger or equal to one will ontribute to the imaginary part
of 3F2 (z). Consequently, this ondition redues the number of terms in the k−sum suh
that the last term of Eq.(41) is k =
[
n−1−r/να,n
2
]
. The expliit evaluation of Im {3F2 (z)} an
be found in Appendix C.
Finally, we replae Eq.(C15) into Eq.(42) to obtain the exat expression for J (r, n, α)
J (r, n, α) =
pi
2να,n
[
n−1−r/να,n
2
]
∑
k=0
(−)k

 n− 1
k

 ∞∑
β=0
(α)2β
[β!]2
β∑
L=0

 β
L


×
(
r
να,n
)L (
n
2
− k − r
2να,n
− 1
2
)2β+n−2−L
(2β − L)!
(2β + n− 2− L)! .
(43)
Note that Eq. (43) is just a sum of polynomials in r. The sum over the index k is the
one obtained for the Random Flight Model[33℄ and imposes the nite extensibility of the
polymer hain. The sums over the indexes β and L are a onsequene of the stiness of the
polymer bakbone. The expression of J (r, n, α) an be rewritten as follows
J (r, n, α) =
pi
2να,n
[
n−1−r/να,n
2
]
∑
k=0
(−)k
(n− 3)!

 n− 1
k


(
n
2
− k − r
2να,n
− 1
2
)n−2
×
∫ 1
0
dz (1− z)n−3 I0

2α
(
n
2
− k − r
2να,n
− 1
2
)√√√√√z2 + z rνα,n(
n
2
− k − r
2να,n
− 1
2
)

 ,
(44)
whih an be used for further approximation if so desired.
The expression for J (r, n, α) given by Eq. (43) was derived for even number of segments
but, its validity for odd number of segments larger than two an be proved by analyti
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ontinuation. Finally, in order to obtain the polymer propagator for semiexible hains we
have to replae Eq. (43) into Eq. (36). Observe that, after the replaement, Eq. (36)
reovers the known exat solution of the Random Flight Model[33℄ when the limit α→ 0 is
taken. Indeed, the only term dierent from zero is the one for whih β = 0.
Finally, we onlude our alulations of the WCM by omputing the single hain struture
fator whih is dened by the following formula [29, 34℄
S (k, n, α) =
1
n+ 1
+
2
(n+ 1)2
n∑
ni=1
(n− ni+ 1)
Zni (α)
K (k, α, ni) . (45)
III. RESULTS AND DISCUSSION
Figures 1, 2 and 3 show the predition of the normalized polymer propagator, Eq. (36), as
funtion of the end-to-end distane for hains with 5, 10 and 30 Kuhn segments, and dierent
values of the semiexibility parameter α. The numerial evaluation of the propagator was
done using Eq. (43). The sum over the index β onverges quikly even for large values of the
semiexibility parameter α. Indeed, even with less than 80 terms in the sum we obtained
a relative preision of 10−4. The gures learly show that the loation of the peak in the
polymer propagator (multiplied by R2) moves toward larger values of R when the stiness
of the polymer bakbone inreases. This behavior is in good qualitative agreement with
previous results arising from omputer simulation studies[35℄ and theoretial approahes
based on the Maximum Entropy Priniple[20℄. This is the orret result beause the stier
the polymer bakbone, the higher the energeti penalty to bend the hain. Consequently,
those ongurations of the maromoleule with small end-to-end distane will be more and
more hindered as the stiness inreases while those ongurations with large end-to-end
distane should be more and more favored. Therefore, the peak should shift toward larger
values of R when the stiness inreases.
Figure 4 shows the polymer propagator for polymer hains with 5, 10 and 30 Kuhn
segments and a xed value of the semiexibility parameter α(= 3.0). This gure shows that
the longer the polymer is, the more it behaves like a exible hain sine the loation of peak
(=end-to-end distane divided by the ontour length) moves toward smaller values. In other
words, the longer the polymer is, the less relevant the stiness of the bakbone beomes.
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Figures 5, 6 and 7 show the behavior of S (k, n, α), Eq. (45), as a funtion of k for dierent
values of α and three values of n (5, 10 and 30). The gures learly show a derease of the
single hain struture fator with inreasing k until it reahes a plateau at innite k. Note
that our omputations predit that the derease of the single hain struture fator for small
values of k should be faster in the ase of sti polymers than in the ase of exible ones.
This is a onsequene of the fat that rigid polymers have a larger radius of gyration than
exible ones for a xed hain length. In addition, the derease of the struture fator for
large values of k is faster for exible polymers than for sti ones. Indeed, our omputations
predit that the struture fator goes as k−θ for large values of k just before the plateau
is reahed. For values of n=5, 10 and 30, the values of θ that we got were 1, 1.08 and
1.3 for α=10 (rigid) and 1.64, 1.9 and 2 for α=0.33 (exible). These results are in good
agreement with the fat that the struture fator of polymers with large hain length should
sale as k−d for large k values where d is the fratal dimension of the objet (2 for a exible
polymer and 1 for a rigid polymer). Consequently, these results imply that for short polymer
hains (n = 5), a value of α = 10 is high enough to make this polymer behave like sti rod,
k−1. On the other hand, as the hain length inreases we observe that α = 10 is not high
enough to make the polymer behave as a rigid rod and deviations from the power law k−1
are observed. In the ase of α = 0.33 our alulations predit that a value of n equal to
ve is not high enough to reover the saling behavior of exible hains, k−2. But, as the
number of segments inreases, the exponent approahes the value of two, indiating that
the polymer hain behaves more and more like a exible one. This result was also showed
in Figure 4. The gures also show that the approximation we developed in the previous
setion gives a smooth rossover behavior from the rigid to the exible limit.
In order to make the presentation of our work more balaned and objetive, we proeed to
ompare our results with the preditions of two other models. We start with our predition
for the single hain struture fator, S (k), and ompare it with the expression obtained by
Kholodenko[17℄. It has been shown that Kholodenko's result an desribe experimental data
quantitatively[19℄. Thus, a omparison between our expression for the single hain struture
fator and Kholodenko's will help us gauge the quality of the approximations used in our
treatment of the WCM. Figures 8 and 9 show the omparison for polymers with n = 30
and two dierent values of the semiexibility parameter (shown in the plots). We have
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heked that other values of the parameters α or a and n give quantitative agreements of
similar quality. In all the ases studied we found that the relationship α = 2a always gives
exellent quantitative agreement between the preditions of both models. Thus, our single
hain struture fator should agree very well with the experimental data of Ballau and
oworkers. Still, sine both models have dierent origins, some very small dierenes an be
observed in the ase of exible hains (Figure 8).
We now proeed to ompare our expression of the polymer propagator with the one om-
puted by Wilhelm and Frey[11℄. Figure 10 shows this omparison for the ase of polymers
with n = 5. The ontinuous urves are the results of our alulation with α = 1, 3, 5 and
10. The dashed urves were onstruted based on the work of Wilhelm and Frey where we
adjusted the bending modulus suh that the loation of the peak in the propagator mathed
our results. This gives a better piture of the dierenes and similarities between both re-
sults. Figure 10 shows quantitative agreement between both results when the stiness is
low. As the stiness inreases Fig. 10 shows that the qualitative behavior of both prop-
agators is still the same. For example, both results predit that the loation of the peak
moves toward larger values of the end-to-end distane and that the distribution beomes
narrower. The main dierene between both results is quantitative in nature. Our distribu-
tion beomes narrower than the one predited by Wilhelm and Frey's work by a fator of two
approximately whih, in turn, generates a higher peak (the distributions are normalized).
Finally, let us onlude this setion by rationalizing the origin of the disrepany between
the propagators and the reason why this does not aet the struture fator signiantly. We
rst note that dierenes in the propagators are to be expeted beause both, ours and Frey's,
alulations are based on dierent approximations and versions of the model (ontinuum
or disrete). Let us now proeed to rationalize the origin of the disrepany between both
preditions. Equations (6) and (45) dene the polymer propagator and single hain struture
fator in terms of the harateristi funtion. Observe that the propagator is a Fourier
transform of the harateristi funtion. Consequently, the osillatory nature of the omplex
exponential generates partial anellation of the ontributions to the integral arising from
dierent parts of the interval of integration. This anellation magnies any inauraies
made in the approximation of the harateristi funtion. Moreover, the onsequenes of
this anellation beome more and more important as the polymer beomes stier beause
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the harateristi funtion itself adopts an osillatory behavior whih, in priniple, is out
of phase with respet to the omplex exponential. Therefore, the stier the polymer is,
the more important the onsequenes of the approximation beome. On the other hand,
the evaluation of the struture fator from the harateristi funtion does not involve any
osillatory funtion. Consequently, any small inauray made in the approximation of the
harateristi funtion will remain small in the expression of the struture fator, as shown
previously.
IV. CONCLUSIONS
The results obtained in this paper show that the Generalized Borel Transform is a very
useful omputational tool for the statistial mehanis of single semiexible polymer hains.
Indeed, the results presented in this paper learly show that GBT is able to ompute polymer
propagators for single hain problems exatly. This apability of the tehnique is a diret
onsequene of its mathematial simpliity (the GBT requires elements of basi alulus
and some fundamental knowledge of omplex variables). Consequently, it does not add any
mathematial omplexity to the physis of the starting model.
Our analysis of the Wormlike Chain Model was based on an approximate expression of
the harateristi funtion. The exat evaluation of this funtion is not possible at present.
Therefore, we developed a new approximation that preserves the most relevant physial
harateristis of the model intat. Speially, our approah keeps the thermodynamis
of the model, the exible and rigid limits, the mean square end-to-end distane and the
nite extensibility of the model intat while providing an approximate expression for the
harateristi funtion for intermediate values of the stiness of the polymer hain. The
polymer propagator was obtained exatly from the approximate harateristi funtion using
GBT. Note that the propagator is approximate not beause of the GBT, whih omputes
this quantity exatly, but beause of the approximate nature of the harateristi funtion.
Our expression for the propagator shows a peak that shifts toward larger values of the
end-to-end distane as the stiness of the polymer bakbone is inreased, in agreement
with other theoretial and omputational treatments of the model. We also found that,
in the low wave vetor region, the struture fator dereases faster with inreasing wave
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vetor when the stiness inreases. This was rationalized in terms of the behavior of the
radius of gyration. Similarly, we found that, in the large wave vetor region, the struture
fator of exible hains dereases faster than the one of rigid polymers. This was ompared
with the behavior of very long polymer hains whose behavior for large wave vetors is
known exatly. We also ompared of the preditions of our alulation with established
results for the single hain struture fator and polymer propagator. Exellent quantitative
agreement was observed between our predition for the single hain struture fator and
the one predited by Kholodenko's model. The polymer propagator was ompared with the
predition of Wilhelm and Frey. Very good quantitative agreement was observed between
the preditions of both models for low values of the stiness. For sti polymers, quantitative
deviations were observed and the origin of the deviations was rationalized.
The proposed approah to semiexible polymers an also address semiexible polymers
with other topologies like ring and m-arm star polymers. The proedure should be similar
to the one presented in this paper but, the harateristi funtion will have a dierent
mathematial expression.
We onlude this setion with a disussion of the harateristi funtion of the WCM
whih limits our ability to solve this model exatly. Let us rewrite this funtion. The
expression is
K ({kj} , α, n, l) ≡
∫
d {Rk}
n∏
j=1
δ (|Rj | − l) exp

i n∑
j=1
Rj · kj + α
n−1∑
i=1
Ri+1 ·Ri

, (46)
where we have replaed the wave vetor k by a group of wave vetors kj . This expression
is the one of the harateristi funtion when all the kj are equal to k. Observe that if we
replae kj by ibj where i is the imaginary unit, then
K ({bj} , α, n, l) ≡
∫
d {Rk}
n∏
j=1
δ (|Rj| − l) exp

− n∑
j=1
Rj · bj + α
n−1∑
i=1
Ri+1 ·Ri

, (47)
whih has the form of a Laplae Transform in 3n dimensions. But, the GBT omputes
Laplae Transforms very aurately or even exatly. Consequently, a generalization of GBT
to many dimensions might lead to an exat or very aurate expression of the harateristi
funtion of the WCM. This expression an be further used to ompute the polymer propa-
gator using GBT. Thus, we speulate that suh extension of the GBT tehnique might allow
18
us to solve very aurately or even exatly the Wormlike Chain Model. In general, suh
extension of GBT might allow us to solve other models of polymer hains of the form
K ({kj} , n, parameters) ≡
∫
d {Rk} exp

i n∑
j=1
Rj · kj +H [{Rl} , parameters]

, (48)
where H [{Rl} , ...] is the Hamiltonian of the model. Thus, helial wormlike polymers and
other models might be mathematially tratable with this generalization of the GBT.
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Appendix A: THE GENERALIZED BOREL TRANSFORM (GBT)
Let us briey present the mathematial aspets of the GBT in onnetion with the om-
putation of the Laplae-Mellin transform[21, 22, 23℄. We start with the expression
S (g, a, n) =
∫ ∞
0
xnH (x, a) exp (−gx) dx, g > 0 (A1)
where we have expliitly extrated a fator xn from the funtion to be transformed.
Dening the Generalized Borel Transform (GBT) of S as
Bλ (s, a, n) ≡
∫ ∞
0
exp [s/η]
[
1
λη
+ 1
]−λs
S (g, a, n)d (1/η) , Re (s) < 0 (A2)
where λ is any real positive non-zero value and 1/η ≡ λ (exp (g/λ)− 1), we an invert Eq.
(A2) in the following way
S (g, a, n) = 2λ2 (1− exp (−g/λ))
∫ ∞
−∞
∫ ∞
−∞
exp [G (w, t, g, λ, a, n)] dwdt, (A3)
where the expliit expression of G (w, t, g, λ, a, n) is not important for our present purposes
(for more details see Ref. [22℄).
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The expression given by Eq. (A3) is valid for any non-zero, real and positive value of the
parameter λ. But, the resulting expression for S (g, a, n) does not depend on λ expliitly.
Thus, we an hoose the value of this parameter in suh a way that it allows us to solve Eq.
(A3). The dominant ontribution to the double integral is obtained using steepest desent
[36, 37℄ in the ombined variables [t, w]. In doing so, one rst omputes the saddle point
to (g, a, n) and wo (g, a, n) in the limit λ ≫ 1 and then heks the positivity ondition [38℄
(the Hessian of G at this point should be positive) obtaining
to = ln
[
x2o (g, a, n)
f (xo (g, a, n) , a, n)
]
= to (g, a, n) , wo = ln [xo (g, a, n)] = wo (g, a, n) , (A4)
where xo (g, a, n) is the real and positive solution of the impliit equation oming from the
extremes of the funtion G in the asymptoti limit in λ. Therefore, one obtains the following
equation
x2og
2 = f (xo, a, n) [f (xo, a, n) + 1] , (A5)
where
f (xo, a, n) ≡ 1 + n + xod ln [H (xo, a)]
dxo
. (A6)
In the range of the parameters where f (xo, a, n)≫ 1 whih is fullled when n≫ 1, and
assuming that there is only one saddle point, we an retain the rst order in the expansion
of G around the saddle point.
Finally, we obtain the approximate expression for the starting funtion S (g, a, n)
SAprox (g, a, n) =
√
2pie−1/2
√
f [xo, a, n] + 1√
D [xo, a, n]
[xo]
n+1H [xo, a] exp [−f [xo, a, n]] , (A7)
where
D (xo, a, n) = −xo df (xo, a, n)
dxo
[1/2 + f (xo, a, n)] + f (xo, a, n) [1 + f (xo, a, n)] . (A8)
Note that the expression given by Eq. (A7) is valid for funtions H (x, a) that fulll the
following general onditions:
1) the relation given by Eq. (A5) must be biunivoal.
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2) D (xo, a, n) has to be positive and
[
xo
df(xo,a,n)
dxo
− 2f (xo, a, n)
]
has to be negative in xo.
3) f (xo, a, n)≫ 1. In partiular, this ondition is fullled when n≫ 1.
These onditions provide the range of values of the parameters where the approximate
solution, Eq. (A7), is valid.
In summary, the GBT provides an approximate solution ,Eq. (A7), to amplitudes with
the mathematial form given by Eq. (A1). The alulation onsists of solving the impliit
equation Eq. (A5) for n≫ 1 to obtain the saddle point and replae it into Eq. (A7).
Let us now fous on amplitudes with the mathematial form of a Laplae transform
S (g, a) =
∫ ∞
0
H (x, a) exp (−gx) dx g > 0. (A9)
This kind of amplitudes an be mapped onto expressions of the form given by Eq. (A1). In
order to use the GBT on Eq. (A9), we use the following relationship between Eq. (A9) and
Eq. (A1)
S (g, a, n) = (−)n ∂
n
∂gn
S (g, a) , (A10)
whih an be inverted to give
S (g, a) = (−)n
∫
dg · · ·
∫
dg︸ ︷︷ ︸
n
S (g, a, n) +
n−1∑
p=0
cp (a, n) g
p. (A11)
The nite sum omes from the indenite integrations. Note that all the oeients vanish
whenever the Laplae transform, Eq. (A9), fullls the following asymptoti behavior
lim
g→∞
S (g, a) = 0. (A12)
In addition, the expression, given by Eq. (A11), is valid for any value of n, in partiular for
n≫ 1. Consequently, if Eq. (A12), is fullled, then the analytial solution reads
S (g, a) =
lim
n→∞
(−)n
∫
dg · · ·
∫
dg︸ ︷︷ ︸
n
SAprox (g, a, n) , (A13)
where, for n≫ 1, we an use the expression given by Eq. (A7). It is important to note that
it is the limit n→∞ that makes the saddle point solution, Eq. (A7), an exat solution for
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Eq. (A3). Thus, as long as the n indenite integrals an be done without approximations,
as it is in our ase, the result for S is exat.
Appendix B: EVALUATION OF THE POLYMER PROPAGATOR
We start the evaluation of the polymer propagator by rewriting Eq. (38) as follows
G (b, n, α) ≡ ∂
n−1
∂cn−1


∫ ∞
0
dw

exp (−wb) exp

csinh
{√
α2 − w2ν2α,n
}
√
α2 − w2ν2α,n






c=0
=
∂n−1
∂cn−1
{GA (b, α, c)}c=0,
(B1)
where GA (b, α, c) is
GA (b, α, c) ≡
∫ ∞
0
dw [exp (−wb)H (w, α, c)], (B2)
and H (w, α, c) is given by the expression
H (w, α, c) ≡ exp

csinh
{√
α2 − w2ν2α,n
}
√
α2 − w2ν2α,n

 . (B3)
The integral expressed by Eq.(B2) satises all the requirements of the GBT tehnique.
Then, we evaluate it in the following way
GA (b, α, c) =
lim
N →∞
(−)N
∫
db · · · · · · · · ·
∫
db︸ ︷︷ ︸GAN ,
N
(B4)
where
GAN (b, α, c) ≡
∫ ∞
0
dw
[
wN exp (−wb)H (w, α, c)
]
. (B5)
In the asymptoti limit of N →∞ the GBT provides an analytial solution for Eq.(B5).
Following the tehnique, we solve the impliit equation, Eq. (A5), for the saddle point wo.
The asymptoti solution is
wo ≃ N + 3/2
b
N ≫ 1. (B6)
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Replaing this expression for wo in the expression provided by the GBT, Eq. (A7), we obtain
GAN (b, α, c) ≃ Γ (N + 1)
bN+1
H
(
N + 3/2
b
, α, c
)
N ≫ 1. (B7)
Furthermore, we replae Eq.(B7) into Eq.(B4) and the resulting expression into Eq.(B1),
and we exhange the order of the operators in the resulting expression. In other words, we
rst evaluate the n derivatives with respet to c and, afterward, we take the limit of c→ 0 to
obtain the expression given by Eq. (40). Next, we solve the N integrations using standard
properties and expansions of the funtions sin (x) and [1− x2]−µ[28℄, and write G (b, n, α)
as follows
G (b, n, α) =
1
2n−2
n−2
2∑
k=0
(−)n−22 +k

 n− 1
k

M (N, n, k, α, b) , (B8)
where n is even and
M (n, k, α, b) ≡ lim
N →∞
(−)N Im
∞∑
r=0
(i (n− 1− 2k))r [Nνα,n]r−n+1
r!
×
∞∑
β=0
L
−n−r−1
2
−β
β (0)
(
− α
2
N2
)β
Γ (N + 1)
∫
db · · ·
∫
db
1
b2+N−n+r−2β
,
(B9)
where Lγβ (x) are the Laguerre polynomials [28℄.
Note that the only powers on b in Eq. (B9) that fulll the asymptoti behavior of the
funtion G (b, n, α) are those for whih the ondition r ≥ (n + 2β − 1) is satised. Therefore,
the N indenite integrations are exatly doable. The result is
∫
db · · ·
∫
db
1
b2+N−n+r−2β
=
Γ (2 + r − n− 2β)
Γ (2 +N − n+ r − 2β)
(−)N
b2+r−n−2β
. (B10)
Replaing Eq. (B10) into Eq. (B9) and after the hange of variables r = x+2β +n− 1, we
an write
M (n, k, α, b) ≡ Im1
b
∞∑
β=0
(i (n− 2k − 1))2β+n−1
(
−α2
)β ∞∑
x=0
(
i (n− 2k − 1) να,n
b
)x
×Γ (x+ 1)L
x
2
β (0)
Γ (x+ 2β + n)
lim
N →∞
NxΓ (N + 1)
Γ (N + x+ 1)
.
(B11)
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Using the asymptoti properties of the Gamma funtion[27℄
lim
N →∞
NxΓ (N + 1)
Γ (N + x+ 1)
= 1, (B12)
Eq. (B11) nally reads
M (n, k, α, b) =
1
b
Im
∞∑
β=0
∞∑
x=0
(i (n− 2k − 1))2β+n−1 (−α
2)
β
β!
(
i (n− 2k − 1) να,n
b
)x
Γ (x+ 1)Γ
(
x+2
2
+ β
)
Γ (x+ 2β + n) Γ
(
x+2
2
) (B13)
The sum over x is exatly doable. The result is
M (n, k, α, b) =
1
b
Im
∞∑
β=0
(i (n− 2k − 1))2β+n−1 (−α
2)
β
β!
FD (β, n, k, b) , (B14)
where
FD (β, n, k, b) ≡
Γ (β + 1) 3F2
([
1, 1
2
, β + 1
]
,
[
β + n+1
2
, β + n
2
]
,− [(n−2k−1)να,n]2
b2
)
Γ (2β + n)
+
2i (n− 2k − 1) να,n
b
Γ
(
β + 3
2
)
3F2
([
β + 3
2
, 1, 1
]
,
[
β + n
2
+ 1, β + n
2
+ 1
2
]
,− [(n−2k−1)να,n]2
b2
)
Γ (2β + n+ 1)
√
pi
.
(B15)
Equation (B14) learly shows that the imaginary part aets only the real part of the
funtion FD (β, n, k, b). Thus, the nal expression for G (b, n, α) is given by Eq. (41).
Appendix C: EVALUATION OF THE IMAGINARY PART OF THE GENERAL-
IZED HYPERGEOMETRIC FUNCTION
We evaluate Im {3F2 (z)} using the following integral representation of the Hypergeomet-
ri funtion[28℄
3F2
([
1,
1
2
, β + 1
]
,
[
β +
n + 1
2
, β +
n
2
]
,−(n− 2k − 1)
2
b2
)
=
b2(β+1)
B (1, 2β + n− 1)
× 1
(n− 2k − 1)2β+n−1
∫ n−2k−1
0
[n− 2k − 1− x]2β+n−2
[
x2 + b2
]−β−1
dx,
(C1)
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whih is valid for values of n equal or larger than two. The analyti ontinuation to the
omplex plane is done as before through the replaement b = −ir. Then, the imaginary
part of the Hypergeometri funtion is
Im
{
3F2
([
1,
1
2
, β + 1
]
,
[
β +
n+ 1
2
, β +
n
2
]
,
(n− 2k − 1)2
r2
)}
=
r2(β+1) (−)β+1
B (1, 2β + n− 1) (n− 2k − 1)2β+n−1
×Im
∫ n−2k−1
0
[n− 2k − 1− x]2β+n−2
[
x2 − r2
]−β−1
dx.
(C2)
Thus, we have to evaluate the expression
L ≡ Im
∫ n−2k−1
0
[n− 2k − 1− x]2β+n−2 [x− r]−β−1 [x+ r]−β−1 dx. (C3)
After analyzing the analytial behavior of the integrand we onluded that we an ex-
hange the operations of integration and imaginary part to obtain
L =
∫ n−2k−1
0
[n− 2k − 1− x]2β+n−2 [x+ r]−β−1 Im
{
[x− r]−β−1
}
dx. (C4)
Thus, we have to ompute
LS = Im
{
1
(x− r)β+1
}
, (C5)
rst and, afterward, we have to solve the integral given by Eq. (C4).
The analytial behavior of the funtion (x− R)−β−1 is well known[28℄. It is an analyti
funtion for |x| > R but, its analyti ontinuation to the omplex plane generates a ut on
the real axis in the range −R < Re (x) < R whih provides its imaginary part. Writing
1
(x− R)β+1 =
1
(x−R)β
1√
x− R√x− R (C6)
for integer values of β and x > R, and using the following integral representation
1√
x−R =
∫ ∞
0
dy exp
[
−y√x−R
]
, (C7)
valid for x > R, we obtain the result
Im
{
1
(x− R)β+1
}
=
(−)β+1
(R− x)βRe
{∫ ∞
0
du exp [−iu (R− x)]
}
, (C8)
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where x < R.
Using parity's properties of the funtion cos (θ) , we extend the range of the integration
in Eq. (C8) to obtain
Im
{
1
(x− R)β+1
}
=
pi
(x−R)β δ (x− R) =
pi (−)β
β!
∂β
∂ (x− R)β δ (x− R) . (C9)
Finally, we replae the expression given by Eq. (C9) into Eq. (C4) and perform the
hange of variables y = x− r to obtain
L =
pi (−)β
β!
∫ n−2k−1−r
−r
Fβk (y, n, r)
∂β
∂yβ
δ (y)dy, (C10)
where Fβk (y, n, r) is dened as
Fβk (y, n, r) ≡ [n− 2k − 1− r − y]2β+n−2 [y + 2r]−β−1 . (C11)
Integrating by parts β times, we obtain the following nal expression
L =
pi
β!
{
∂βFβk (y, n, r)
∂yβ
}
y=0
. (C12)
The β derivatives are omputed as follows
{
∂βFβk (y, n, r)
∂yβ
}
y=0
=
β∑
L=0

 β
L


{
∂L
∂yL
[
[n− 2k − r − 1− y]2β+n−2
]}
y=0
×
{
∂β−L
∂yβ−L
[y + 2r]−β−1
}
y=0
,
(C13)
to obtain
{
∂βFβk (y, n, r)
∂yβ
}
y=0
=
β∑
L=0

 β
L

 (−)β (2β − L)! (2β + n− 2)! [n− 2k − r − 1]2β+n−2−L
(2β + n− 2− L)! (β)! (2r)2β+1−L .
(C14)
Finally, we replae Eq. (C14) into Eq. (C12) and the resulting expression into Eq. (C2)
to obtain the nal expression of Im {3F2}
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Im {3F2} = − piΓ (2β + n)
(n− 2k − 1)2β+n−1 [Γ (β + 1)]2
β∑
L=0

 β
L

 (2β − L)!
(2)2β+1−L
rL [n− 2k − r − 1]2β+n−2−L
(2β + n− 2− L)! n ≥ 2.
(C15)
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FIG. 1: Normalized polymer propagator 4piR2P (R, n, α) /Zn (α) versus R/n for n = 5. Con-
tinuous line (α = 0.33) , dotted line (α = 1.0), dashed line (α = 3.0), long dashed line
(α = 5.0) and dashed-dotted line (α = 10.0).
FIG. 2: Normalized polymer propagator 4piR2P (R, n, α) /Zn (α) versus R/n for n = 10. Con-
tinuous line (α = 0.33) , dotted line (α = 1.0), dashed line (α = 3.0), long dashed line
(α = 5.0) and dashed-dotted line (α = 10.0).
FIG. 3: Normalized polymer propagator 4piR2P (R, n, α) /Zn (α) versus R/n for n = 30. Con-
tinuous line (α = 0.33) , dotted line (α = 1.0), dashed line (α = 3.0), long dashed line
(α = 5.0) and dashed-dotted line (α = 10.0).
FIG. 4: Normalized polymer propagator 4piR2P (R, n, α) /Zn (α) versus R/n for α = 3.0. Con-
tinuous line (n = 30), dashed line (n = 10) and dashed-dotted line (n = 5).
FIG. 5: Single hain struture fator S (k, n, α) versus wave vetor k for n = 5. Continuous line
(α = 0.33), dotted line (α = 1.0), dashed line (α = 3.0), dashed-dotted line (α = 10.0)
and irles (best ts to the power law in the range k ∈ (2, 3) for α = 0.33 and α = 10.0).
FIG. 6: Single hain struture fator S (k, n, α) versus wave vetor k for n = 10. Continu-
ous line (α = 0.33), dotted line (α = 1.0), dashed line (α = 3.0), dashed-dotted line
(α = 10.0) and irles (best ts to the power law in the range k ∈ (2, 3) for α = 0.33
and α = 10.0).
FIG. 7: Single hain struture fator S (k, n, α) versus wave vetor k for n = 30. Continu-
ous line (α = 0.33), dotted line (α = 1.0), dashed line (α = 3.0), dashed-dotted line
(α = 10.0) and irles (best ts to the power law in the range k ∈ (2, 3) for α = 0.33
and α = 10.0).
FIG. 8: Single hain struture fator S (k, n, α) versus wave vetor k for n = 30. (Line)
Kholodenko's model with a = 1, (points) this work with α = 2.
FIG. 9: Single hain struture fator S (k, n, α) versus wave vetor k for n = 30. (Line)
Kholodenko's model with a = 50, (points) this work with α = 100.
30
FIG. 10: Normalized polymer propagator P (R, n, α) versus end-to-end distane R in units of
Kuhn length for n = 5. (Continuous lines) this work, (dashed lines) Wilhelm and
Frey's results.
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FIG. 1. Normalized polymer propagator 4piR2P (R,n, α) /Zn (α) versus R/n for n = 5.
Continuous line (α = 0.33), dotted line (α = 1.0), dashed line (α = 3.0), long dashed line
(α = 5.0) and dashed-dotted line (α = 10.0).
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FIG. 2. Normalized polymer propagator 4piR2P (R,n, α) /Zn (α) versus R/n for n = 10.
Continuous line (α = 0.33), dotted line (α = 1.0), dashed line (α = 3.0), long dashed line
(α = 5.0) and dashed-dotted line (α = 10.0).
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FIG. 3. Normalized polymer propagator 4piR2P (R,n, α) /Zn (α) versus R/n for n = 30.
Continuous line (α = 0.33), dotted line (α = 1.0), dashed line (α = 3.0), long dashed line
(α = 5.0) and dashed-dotted line (α = 10.0).
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FIG. 4. Normalized polymer propagator 4piR2P (R,n, α) /Zn (α) versus R/n for α = 3.0.
Continuous line (n = 30), dashed line (n = 10) and dashed-dotted line (n = 5).
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FIG. 5. Single hain struture fator S (k, n, α) versus wave vetor k for n = 5. Continuous line
(α = 0.33), dotted line (α = 1.0), dashed line (α = 3.0), dashed-dotted line (α = 10.0) and irles
(best ts to the power law in the range k ∈ (2, 3) for α = 0.33 and α = 10.0).
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FIG. 6. Single hain struture fator S (k, n, α) versus wave vetor k for n = 10. Continuous line
(α = 0.33), dotted line (α = 1.0), dashed line (α = 3.0), dashed-dotted line (α = 10.0) and irles
(best ts to the power law in the range k ∈ (2, 3) for α = 0.33 and α = 10.0).
Comment: Figure 6, First Author: Marelo Maru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FIG. 7. Single hain struture fator S (k, n, α) versus wave vetor k for n = 30. Continuous line
(α = 0.33), dotted line (α = 1.0), dashed line (α = 3.0), dashed-dotted line (α = 10.0) and irles
(best ts to the power law in the range k ∈ (2, 3) for α = 0.33 and α = 10.0).
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elo Maruho, Journal PRE
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FIG. 8. Single hain struture fator S (k, n, α) versus wave vetor k for n = 30. (Line)
Kholodenko's model with a = 1, (points) this work with α = 2.
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FIG. 9. Single hain struture fator S (k, n, α) versus wave vetor k for n = 30. (Line)
Kholodenko's model with a = 50, (points) this work with α = 100.
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FIG. 10. Normalized polymer propagator P (R,n, α) versus end-to-end distane R in units of
Kuhn length for n = 5. (Continuous lines) this work, (dashed lines) Wilhelm and Frey's results.
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